Abstract. In this paper, we deal with the new class of pre-regular p-open sets in which the notion of preopen set is involved. We characterize these sets and study some of their fundamental properties. We also present two other notions called extremally p-discreteness and locally pindiscreteness by utilizing the notions of preopen and preclosed sets by which we obtain some equivalence relations for pre-regular p-open sets. Moreover, we define the notion of regular popen sets by utilizing the notion of pre-regular p-open sets. We investigate some of the main properties of these sets and study their relations to pre-regular p-open sets.
Introduction
In 1964, Corson and Michael [3] introduced the notion of locally dense sets, also called preopen sets by Mashhour et al. [8] . The class of preopen sets properly contains the class of open sets. As the intersection of two preopen sets may fail to be preopen, the class of preopen sets does not always form a topology. In a submaximal space, i.e. a topological space X in which every dense subset is open, collection of all preopen sets form a topology. Indeed, many notions in Topology are (can) be defined in terms of preopen sets (see [2] , [4] , [6] , [7] , [9] and [10] ). We also offer some new notions by utilizing preopen sets and investigate some of their properties.
Throughout this paper, (X, τ ) (or X) is always a topological space. A set A in a space X is called preopen [8] if A ⊂ Int(Cl(A)). The complement of a preopen set is called preclosed. The intersection of all preclosed sets containing a subset A is called the preclosure [4] of A and is denoted by pCl(A). The preinterior of a subset A of a topological space (X, τ ) is the union of all preopen sets of X contained in A and is denoted by pInt(A). The family of all preopen sets of X will be denoted by P O(X). For a point x ∈ X, we set P O(X, τ ) = {U | x ∈ U ∈ P O(X)}.
Pre-regular p-open sets
Definition 1. A preopen set A of a space (X, τ ) is said to be pre-regular p-open [7] if A = pInt(pCl(A)). The complement of a pre-regular p-open set is called pre-regular p-closed set, equivalently pCl(pInt(A)) = A. The family of all pre-regular p-open (resp. pre-regular p-closed) sets of a space (X, τ ) will be denoted by P RO(X) (resp. P RC(X)).
Recall that a set A of a space (X, τ ) is called p-clopen if it is preopen and preclosed. Clearly, X and ∅ are pre-regular p-open and also that every p-clopen set is pre-regular p-open. Now consider the following: Example 2.2. Let X = {a, b, c} with topology τ = {X, ∅, {b, c}} and P O(X, τ ) = {X, ∅, {b}, {a, b}, {c}, {b, c}, {a, c}}. Thus A = {a, b} and B = {a, c} are both pre-regular p-open but A ∩ B = {a} is not since it is not even preopen. Notice that the set {b} ∈ P RO(X, τ ) and {c} ∈ P RO(X, τ ) but {b, c} / ∈ P RO(X, τ ). Take the usual space of reals and let A = ( Theorem 2.3. Let (X, τ ) be a space and A any preopen subset of X. Then the following hold:
(4) If A and B are disjoint preopen sets, then pInt(pCl(A)) and pInt(pCl(B)) are disjoint.
Proof.
(1) Suppose that A ⊆ B. It readily follows that pInt(pCl(A)) ⊆ pInt(pCl(A)). 
Remark 2.7. It should be noted that an arbitrary union of pre-regular p-open sets is pre-regular p-open. But the intersection of two pre-regular p-closed sets fails to be pre-regular p-closed: Let (X, τ ) be as in Example 2.2. So it is easy to see that A and B are pre-regular p-closed but their intersection is not pre-regular p-closed.
The following hold for a subset A of a space (X, τ ): The following notions are due to Dontchev et al. [5] : A point x ∈ X is said to be a pre-θ-accumulation point of a subset A of a space (X, τ ) if pCl(U ) ∩ A = ∅ for every U ∈ P O(X, x). The set of all pre-θ-accumulation points of A is called the pre-θ-closure of A and is denoted by pCl θ (A). Lemma 2.9. In any space (X, τ ) the empty set is the only subset which is nowhere dense and pre-regular p-open.
Proof. Suppose that A is nowhere dense and A ∈ P RO(X, τ ). Then by [1, Theorem 3] , A = pInt(pCl(A)) = pCl(A) ∩ Int(Cl(A)). Since A is nowhere dense we have IntCl(A)) = ∅. Therefore A = ∅.
Recall that a rare set is a set with no interior points.
Lemma 2.10. If A ∈ P RC(X, τ ), then every rare set is preopen.
Proof. By hypothesis, we have A = pCl(pInt(A)) = pInt(A) ∪ Cl(Int(A)). Since A is is a rare set, then A = pInt(A). This shows that A is preopen.
Definition 2.
A space (X, τ ) is called extremally p-disconnected if the preclosure of every preopen subset of X is preopen.
Definition 3.
A point x ∈ X is said to be a pre-limit point of a subset A of a space (X, τ ) if pCl(U ) ∩ A = ∅ for every open set U of X containing x. We denote the set of pre-limit points of A by pd(A).
Theorem 2.11. For a space (X, τ ) the following are equivalent:
(1) (X, τ ) is extremally p-disconnected. ({x})) ). This means that pInt(pCl({x})) = ∅. It follows that x ∈ pInt(pCl({x})) for every x ∈ X. Proof. Suppose that U is a pre-regular p-open set such that U ⊂ A ⊂ pCl(U ). We have 
Definition 6.
A subset A of a space X is said to be predense in X if pCl(A) = X. It is shown by Professor Miguel Caldas in a private conversation that if A is a preopen subset of a space (X, τ ), then A ⊂ pInt(pCl(pInt(A))) is equivalent to the preopenness of A.
Observe that every pre-regular p-open set is preopen but the converse need not be true. Take (X, τ ) be as in Example 3.2. Then P O(X, τ ) = {X, ∅, {b}, {a, b}, {c}, {b, c}, {a, c}}. It is easy to verify that {b, c} is preopen but not pre-regular p-open . Proof. Let A be a preopen set of X. If A is pre-regular p-closed, we have A = pCl(pInt(A)) and pInt(A) = pInt(pCl(pInt(A))). Since A is preopen, then A ⊂ pInt(pCl(pInt(A))) and therefore A = pInt(A). This shows that A is p-clopen. Hence A is pre-regular p-open.
